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The  a r t i c l e  c o n s i d e r s  the  p r o b l e m  of b r i t t l e  f a i l u r e  wi th  the  t o r s i o n  of a c y l i n d r i c a l  b a r  w h o s e  c r o s s  
s e c t i o n  i s  a c i r c l e  of r a d i u s  R, with an a r b i t r a r y  n u m b e r  of r a d i a l  d i v i s i o n s  of length  l .  The  p r o b l e m  i s  
r e d u c e d  to  a f o r m  c o n v e n i e n t  f o r  d i g i t a l - c o m p u t e r  c o m p u t a t i o n .  On the  b a s i s  of the  Gr i f f i th  c r i t e r i o n ,  a 
d e t e r m i n a t i o n  i s  m a d e  of t he  va lue  of the  e x t e r n a l  load,  c o r r e s p o n d i n g  to the  s t a r t  of the  g rowth  of a c r a c k ,  
a s  a func t ion  of t he  depth  of the  i n i t i a l  no t ches  and t h e i r  n u m b e r .  

1. L e t  us  c o n s i d e r  the  
d e p i c t e d  on F ig .  1. We s h a l l  
a b l e  [1], u s i n g  the  c o n f o r m a l  
2). 

In a c c o r d a n c e  with  [1], 

p r o b l e m  of the  t o r s i o n  of a round  b a r ,  hav ing  the  t r a n s v e r s e  c r o s s  s e c t i o n  
s e e k  the  so lu t i on  by the  me thods  of the  t h e o r y  of func t ions  of a c o m p l e x  v a r i -  
mapp ing  of a c i r c l e  wi th  no tches  (Fig .  1) on the  i n t e r i o r  of a uni t  c i r c l e  (Fig .  

the  c o m p l e x  funct ion o f f (~ )  in the  t r a n s f o r m e d  r e g i o n  h a s  the  f o r m  

J(~) = - Z ~ } ~  a (1.1) 

w h e r e  y i s  a uni t  c i r c l e ;  ~ i s  a po in t  of the  c o n t o u r ;  w(~) is  t he  mapp ing  funct ion which ,  in t he  c a s e  u n d e r  
c o n s i d e r a t i o n ,  h a s  t he  f o r m  [2] 

z = (4) -1/" (1 • r B {~,n,2 "i- ~ - . 2  __ V-(~./~: • ~-,,/2)u __ 4 ( i  -t- a)- '~] 4 ' '  

t ~ r = [(t - -  a) n ~'- l ] 2 n /  (4) l 'n  (1 - -  a),  a = 1 / R  (1.2) 

With mapp ing ,  t he  a p e x e s  of a c r a c k ,  Ak,  go o v e r  in to  the  po in t s  of the  unit  c i r c l e  a k 

[a~[-= ~, a r g a ~  2(k- -  1) n / n  

The  po in t s  of i n t e r s e c t i o n  of the  c i r c l e  with the  no tches  go o v e r  into the  p o i n t s  

[ b k [ =  t ,  [ bt~' [ =  t ,  a r g b k ,  b ~ ' ~ -  ~ 2 n  - 1 a r c  c o s ( t  + a )  h i 2 +  2 ( k - -  t ) ~ / r ~  

The  po in t s  bk,  bk '  a r e  t he  b r a n c h  p o i n t s  of the  func t ion  z = w(~). The  s i n g l e - v a l u e d  b r a n c h  of th i s  
func t ion  i s  s e l e c t e d  f r o m  the cond i t ion  fo r  c o n g r u e n c e  of the  b o u n d a r i e s .  W r i t i n g  a and .~ in the  f o r m  cr = 
ei0,  ~ = rei(P, and t ak ing  into accoun t  tha t ,  in the  s e g m e n t s  [bk, bk ' [  

F i g .  1 F ig .  2 
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F i g .  3 

(o) (o (o) = I (1.3) 

w e  o b t a i n  t h e  c o m p l e x  f u n c t i o n  of t h e  t o r s i o n f ( r e  i r  in t h e  f o r m  

FL A ~-2( ~:- 1).-- n 

c iO __ r e  i~' 
~(-- - - , t + 2 ( ~  - I ) = n  

�9 =, A -~- 2 ( k  - -  l). .-t]n - -  re iv 

A = 2 / n -~ arc cos [('1 -i- a)"~'21, 1' -= On / 2 + (tr -- t) :'t 
(1.4) 

T o  s o l v e  t h e  t o r s i o n  p r o b l e m ,  i t  i s  n e c e s s a r y  to c a l c u l a t e  t h e  r i g i d i t y  

D = ~ (J ~- Do) (1.5) 

w h e r e  ~ i s  the  s h e a r  m o d u l u s ;  J i s  t h e  p o l a r  m o m e n t  of i n e r t i a  of  t h e  a r e a  
of a t r a n s v e r s e  c r o s s  s e c t i o n  w i t h  r e s p e c t  to the  c e n t e r  (in t he  g i v e n  c a s e ,  
t h e  p o l a r  m o m e n t  of i n e r t i a  J = v R 4 / 2 ) ,  and  t h e  v a l u e  of D o i s  c a l c u l a t e d  u s -  
i ng  t h e  f o r m u l a  [1] 

+ 

- i (I (+>- / r (o, (,,> + ,  (1.6)  
Y 

w h i c h ,  t a k i n g  a c c o u n t  of r e l a t i o n s h i p s  (1.3),  (1.4), c a n  be  w r i t t e n  in t h e  f o r m  

A A 

2 - -  "I/  (1 + dOldqpt X cos+" T - -  ~)-'~ ~ cos O+n I f  ~ th,+ ":'~ "-2- -- [ c o s  " 7 -  -- (l - ~)-~ 
- - A  --+4. 

1 ~  j -  l i) 1 l, ~ O l - - q ~ l  ] - 1  
x [ I  / cos~---7- - (t ' ~,)-" : g ' - - - g - - - J  

Q - -  n( t  + a + j / 4 a  
(1.7) 

In Eq .  (1.7) w e  m a k e  t h e  r e p l a c e m e n t  of v a r i a b l e s  01 = 0 + 2 ( k - 1 ) ~ / n ,  ~01 = r  and  w e  s e t  

r = 1 [ p a s s i n g  to t h e  l i m i t  u n d e r  t he  d o u b l e  i n t e g r a l  s i g n  in Eq .  (1.7) i s  a d m i t t e d ] .  

A f t e r  c e r t a i n  t r a n s f o r m a t i o n s ,  Eq .  (1.7) c a n  be  w r i t t e n  in t he  f o r m  

C C C  

'~" B sift [,1 -.ff q" (t)I/Z an lj 1+ sift [(:p (t) +F + (u)]/2 

B = I - -  I/+. - ( t  + a ) - " ,  c =.: (1 . a ) - "  ~ 

(p (x) ~ 2n-larc cos (x a -- (l =- a) -n) / 2x 

2. L e t  u s  c o n s i d e r  t h e  p r o c e s s  of t h e  p r o p a g a t i o n  of c r a c k s  f r o m  t h e  p o i n t  of v i e w  of t h e  e n e r g y  c o n -  
c e p t s  d e v e l o p e d  by G r i f f i t h  [3]. 

L e t  a l l  t h e  n o t c h e s  r e c e i v e  s m a l l  v i r t u a l  i n c r e m e n t s  5l ,  in t h e i r  own p l a n e s  (it i s  shown in [4] tha t ,  
u n d e r  c o n d i t i o n s  of t o r s i o n ,  a c r a c k  d o e s  not  c h a n g e  i t s  d i r e c t i o n ) .  Then ,  t h e  e q u a t i o n  of t he  e n e r g y  b a l a n c e  

e x i s t i n g  wi th  t e e  g r o w t h  of a c r a c k  i s  w r i t t e n  in  t h e  f o r m  

6W/61 = a (2.1) 

H e r e  W i s  t h e  e l a s t i c  e n e r g y  a c c u m u l a t e d  i n s i d e  a b a r  of un i t  l e n g t h ;  G i s  a c o n s t a n t  of t he  m a t e r i a l ,  
h a v i n g  t h e  s e n s e  of t h e  s p e c i f i c  s u r f a c e  e n e r g y .  

T h e  e l a s t i c  e n e r g y  a c c u m u l a t e d  i n s i d e  a b a r  of u n i t  l e n g t h  wi th  t o r s i o n  is  c a l c u l a t e d  u s i n g  t h e  f o r m u l a  

[ l l  

I v  = :  M ~ / 20 (2.2) 

w h e r e  M i s  t h e  p r i n c i p a l  m o m e n t  of  t h e  e x t e r n a l  s t r e s s e s .  

S u b s t i t u t i n g  E q .  (2.2) i n to  (2.1} and t a k i n g  a c c o u n t  of  Eq .  (1.5),  w e  o b t a i n  
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5 W  / 61 = - -  M 2 (OD 1 Ol) / 2 D  ~ (2.3) 

Us ing  Eq. (2.3) we  c a n  d e t e r m i n e  the  v a l u e  of the  c r i t i c a l  e x t e r n a l  l oad  M ~̀  c o r r e s p o n d i n g  to the  s t a r t  
of the  growth  of a c r a c k  f r o m  a notch.  It can  be seen  f r o m  Eq. (1.7) tha t  M* wi l l  be  a funct ion of the  depth  
of the  i n i t i a l  n o t c h e s  and t h e i r  n u m b e r  n 

M *  = V 2 - - d - ~ ) - ' : '  / ( - - o D  / oZ) -',~ (2.4) 

The  funct ion u n d e r  t he  i n t e g r a l  s i gn  in both the  f i r s t  and s e c o n d  i n t e g r a l s  has  a s i n g u l a r i t y  (in the  f i r s t  
i n t e g r a l  wi th  t = C, and in the  s e c o n d  with  t = u). 

E x p r e s s i o n  (1.8) was  c a l c u l a t e d  us ing  the  f o r m u l a  

C-r C t -  
D o -  2 ( t  ~)~ / l l n - l l n  s in  (A - -  q~ (/)).'2 _}_8(1 i - a )  4 dt t , t ' . - lu l ,2 - - ,  

s in  (A Q- q~ ( t) j /v  ~ n  gin (q" (t) -[- q) (u))/2 
B Bq.r B 

C--~ C 

, 8 (, - ~), ~ ,~t f t~."-' u.,i,,-, In sin (<~ ~ o -  ~ (~))i2 I<z, ' 
' a n  }} t+r Sill (q) (t) -t- q~ (u)),'2 

w h e r e  e = 0.0001. In th i s  e a s e ,  the  e r r o r  does  not  e x c e e d  0.0012. The  i n t e g r a l s  w e r e  c a l c u l a t e d  us ing  the  
S i m p s o n  f o r m u l a .  

The  i n t e g r a l  (1.8) w a s  c a l c u l a t e d  in a M i r - 1  d i g i t a l  c o m p u t e r .  The  d e p e n d e n c e  of the  d i m e n s i o n l e s s  
c r i t i c a l  load  M * / (61~n5) ' '  on the  r e l a t i v e  depth  of the  o r i g i n a l  no tches  l0 and on t h e i r  n u m b e r  i s  shown on 
F i g .  3. The  c u r v e s  d e s i g n a t e d  by the  n u m b e r s  1, 2, 3, and 4 c o r r e s p o n d  to a n u m b e r  of no tches  n = 2, 4, 6, 
and 7. 
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